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In this paper, we discuss the determination of a convex or star-
shaped body K in Rd by information about the sizes of sections
or projections. Following the work of Groemer [H. Groemer, On
a spherical integral transform and sections of star bodies, Monatsh.
Math. 126 (1998) 117–124], we considered in [P. Goodey, W. Weil,
Average section functions for star-shaped sets, Adv. in Appl. Math.
36 (2006) 70–84] directed section functions sk(K ; ·), describing the
content of the intersection K ∩ H of K with k-dimensional half-
spaces H , 1 k d − 1. We showed that sk(K ; ·) determines the
body K uniquely, whereas, for the integrals of sk(K ; ·) over all half-
spaces H containing a given (normal) direction, uniqueness only
holds for certain pairs (k,d).
Here, we study a more general situation and consider, for 2 j
k d− 1, the averages of sk(K ; ·) over all half-spaces H containing
a ﬁxed j-dimensional half-space G with inner normal u. We show
that the resulting function s¯ jk(K ; ·), of the variables G and u,
determines K uniquely. This is in contrast to our earlier result
which concerned s¯1k(K ; ·). We also extend this uniqueness to the
case k < j.
Similar results are obtained for projections of convex bodies.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
It is classical that a star body K in Rd , which is centrally symmetric with respect to the origin, is
uniquely determined by the content of its k-dimensional central sections, k ∈ {1, . . . ,d− 1}. Results of
this nature can be found in the work of Funk [3,4] and Radon [13]; see Gardner [5, p. 291] or Groemer
* Corresponding author.
E-mail address: pgoodey@ou.edu (P. Goodey).0196-8858/$ – see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.aam.2009.04.003
112 P. Goodey, W. Weil / Advances in Applied Mathematics 44 (2010) 111–123[9, p. 116] for historical comments. Groemer [11] proved a corresponding result for arbitrary star
bodies in R3 by considering the content of half-sections (his proof immediately extends to arbitrary
dimensions d  3). The content of half-sections gives rise to a directed section function sk(K ; ·), of K ,
deﬁned on pairs (L, v) with L ∈ G(d,k), the Grassmannian of k-dimensional subspaces of Rd , and v
a unit vector in L. In [6], we considered the invariant average s¯k(K ; v) of sk(K ; L, v) over all L that
contain v and investigated whether the function s¯k(K ; ·) already determines K . It was shown that
this is the case for small and large values of k, but it is, surprisingly, not true in general, for example
if 2d − 3k + 1 = 0.
As an intermediate construction, for ﬁxed M ∈ G(d, j) with 1  j  d − 1 and v ∈ M , one
may average sk(K ; L, v) over all L containing M or contained in M and containing v (depending
on whether j  k or j > k). The resulting function s¯ jk(K ; ·) is then deﬁned on the ﬂag mani-
fold of pairs (M, v). Obviously, s¯kk(K ; ·) = sk(K ; ·), which determines K uniquely. Similarly, we have
s¯1k(K ;M, v) = s¯k(K ; v), for v ∈ M ∈ G(d,1), thus s¯1k(K ; ·) may not determine K . In the following, we
investigate the remaining cases and show that s¯ jk(K ; ·) determines an arbitrary body K uniquely, for
all 2 j,k d − 1.
Similar questions can be asked for projections of convex bodies. The classical result here is that
a centrally symmetric convex body K in Rd is uniquely determined (up to a translation) by the
content of its orthogonal projections K |L onto subspaces L ∈ G(d,k), for k ∈ {1, . . . ,d − 1}. More
generally, Alexandrov [1] showed that such a K is determined by any one of the intrinsic volumes
Vi(K |·), i = 1, . . . ,k. For arbitrary convex bodies in R3, Groemer [10] obtained a uniqueness result
using the semi-girth, a directed version of V1(K |·). In [7], this was generalized to dimensions d  3.
Since Vi(K |L), for i = 1, . . . ,k − 1, is the total ith surface area measure of K |L, the corresponding
directed projection function vik(K ; L, v) of K was deﬁned as the mass of the surface area measure
of K |L on the half-sphere in L with pole v . Averaging vik(K ; L, v) over all L that contain v re-
sults in a function which no longer depends on K in a simple manner. Therefore, only the average
w¯k(K ; ·) = v¯1k(K ; ·) of v1k(K ; ·) was investigated in [7]. Again, for small or large values of k, the func-
tion w¯k(K ; ·) determines K uniquely (up to translations). However, the range of k where uniqueness
holds differs from the situation for section functions. Cases of non-uniqueness also occur, for example,
if 2d − 5k − 3 = 0.
As a counterpart to the generalized average section function s¯ jk(K ; ·), we deﬁne an average projec-
tion function w¯ jk(K ;M, v) as the mean of v1k(K ; L, v) over all L ∈ G(d,k) that contain v and contain
or are contained in M , M ∈ G(d, j), v ∈ M . Again, w¯kk(K ; ·) = v1k(K ; ·) and w¯1k(K ;M, v) = v¯1k(K ; v),
for v ∈ M ∈ G(d,1). In analogy to the section result above, we will show that w¯ jk(K ; ·) determines K
uniquely (up to translations), for 2 j,k d − 1.
We brieﬂy mention that a different extension of projection functions V i(K |·) to directed projection
functions pik(K ; ·) was studied in [8], based on tensor formulas for intrinsic volumes. The average
p¯1k(K ; ·) of p1k(K ; ·) can be expressed in terms of the support function of K . As it turns out, the
corresponding integral transform is the same as in the case of mean section functions of star bodies.
Therefore, the injectivity behavior of K → p¯1k(K ; ·) is the same as for the section functions. We will,
therefore, not discuss p¯1k(K ; ·) further in the sequel.
In order to obtain the uniqueness results for mean section or projection functions, spherical har-
monic analysis was used in [6,7]. It was shown that the functions s¯k(K ; ·) and w¯k(K ; ·) arise as images
of (a power of) the radial function ρK , respectively the support function hK , under linear spherical in-
tegral operators Adk , respectively M
d
k . Since these operators intertwine the action of the rotation group,
their injectivity behavior is controlled by the eigenvalues, which are the multipliers with respect to
spherical harmonics. Our situation in the following is slightly different, since the functions s¯ jk(K ; ·)
and w¯ jk(K ; ·) do not live on the sphere Sd−1 but on a ﬂag manifold. However, these functions still
arise as images of spherical functions under linear and intertwining operators Adjk and M
d
jk . The ker-
nels of the latter are invariant subspaces and, therefore, are sums of spaces of spherical harmonics.
For the injectivity we thus have to show that none of the spaces Hdn of spherical harmonics of degree
n, n = 0,1, . . . , is annihilated by Adjk , respectively Mdjk .
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In the following, we work in d-dimensional Euclidean space Rd , supplied with the standard scalar
product 〈·,·〉 and the Euclidean norm ‖ · ‖, and denote by Bd the unit ball and by Sd−1 the unit
sphere. The volume of Bd is denoted by κd . For v ∈ Sd−1, we let [v] be the line generated by v ,
v⊥ the subspace orthogonal to v and v+ the closed half-space bounded by v⊥ and containing v .
For 1  k  d − 1, G(d,k) is the Grassmannian of k-dimensional subspaces of Rd and G(M,k), for
M ∈ G(d, j), is the submanifold of k-spaces containing M (if k  j), respectively contained in M (if
k < j). More generally, for v ∈ M , G(M, v,k) comprises those elements of G(M,k) which contain v
(we have G(M, v,k) = G(M,k), if k  j). For M ∈ G(d, j), we put S j−1(M) = Sd−1 ∩ M . The sphere
Sd−1 and subspheres S j−1(M) are supplied with the spherical Lebesgue measure; the Grassmannians
G(d,k), G(M,k) and G(M, v,k) carry invariant probability measures. Integration with respect to these
measures on Sd−1,G(d,k) etc. is simply indicated by du, dL, etc. For sets A, B ⊂ Rd , A ∨ B is the
linear hull of A ∪ B (and A ∨ x = A ∨ {x}).
Let K be a star body in Rd . This is a compact set, star-shaped with respect to an interior point (for
simplicity, we assume this to be the origin o) and such that the radial function
ρK (u) = max{r  0: ru ∈ K }, u ∈ Sd−1,
is continuous. For background information about star bodies, we refer the reader to Gardner [5].
Let 1 k d − 1 and L ∈ G(d,k). Since the (k-dimensional) volume of K ∩ L is given by
Vk(K ∩ L) = 1k
∫
Sk−1(L)
ρkK (u)du,
the directed section function sk(K ; ·) and its average s¯k(K ; ·) are given by
sk(K ; L, v) = 1k
∫
Sk−1(L)∩v+
ρkK (u)du, v ∈ Sd−1 ∩ L,
and
s¯k(K ; v) =
∫
G([v],k)
sk(K ; L, v)dL, v ∈ Sd−1.
For M ∈ G(d, j) and v ∈ S j−1(M), the intermediate construction we described in the introduction
leads us to study the function
s¯ jk(K ;M, v) =
∫
G(M,v,k)
sk(K ; L, v)dL
= 1
k
∫
G(M,v,k)
∫
Sk−1(L)∩v+
ρkK (u)du dL. (2.1)
Eq. (2.1) gives rise to an operator Adjk deﬁned by
(
Adjk g
)
(M, v) =
∫
G(M,v,k)
∫
Sk−1(L)∩v+
g(u)du dL, (2.2)
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We note that, for j > k, s¯ jk(K ;M, ·) is the average section function s¯k(K ∩ M; ·) of K ∩ M in M ,
hence [6, Theorem 2.1] implies
(
Adjk g
)
(M, v) = (k − 1)κk−1
( j − 1)κ j−1
∫
S j−1(M)∩v+
g(x)
(
1− 〈x, v〉2)(k− j)/2 dx. (2.3)
Our objective, in the following, is to show that Adjk is injective for all 2  j,k  d − 1. In order
to employ arguments from harmonic analysis, we ﬁrst extend the deﬁnition of Adjk to functions in
L2(Sd−1).
We make use of the integral formulas
∫
G(d, j)
∫
G(M,k)
h(L,M)dL dM =
∫
G(d,k)
∫
G(L, j)
h(L,M)dM dL (2.4)
(see, for example, [15, Theorem 7.1.1]) and
∫
S j−1(M)
∫
G(M,v,k)
h(L, v)dL dv = jκ j
kκk
∫
G(M,k)
∫
Sk−1(L)
h(L, v)dv dL, (2.5)
for M ∈ G(d, j). Both equations, (2.4) and (2.5), hold true for measurable functions h 0, say. The ﬁrst
is valid for all 1 j,k d − 1, whereas (2.5) requires k j and is a consequence of (2.4).
Now, for f ∈ C(Sd−1), we obtain from (2.2), (2.4) and (2.5), that
∫
G(d, j)
∫
S j−1(M)
(
Adjk f
)2
(M, v)dv dM = 1
2
∫
G(d, j)
∫
S j−1(M)
((
Adjk f
)2
(M, v) + (Adjk f )2(M,−v))dv dM
 c1
∫
G(d, j)
∫
S j−1(M)
∫
G(M,v,k)
∫
Sk−1(L)
f 2(u)du dL dv dM
= c2
∫
G(d, j)
∫
G(M,k)
∫
Sk−1(L)
f 2(u)du dL dM
= c2
∫
G(d,k)
∫
Sk−1(L)
f 2(u)du dL = c3
∫
Sd−1
f 2(u)du = c3‖ f ‖22,
with constants ci > 0 depending only on the dimensions d, j,k.
Thus, if Fdj1 = {(M, v): v ∈ S j−1(M), M ∈ G(d, j)}, then
Adjk : C
(
Sd−1
)→ C(Fdj1)
has a unique extension to a continuous linear map
Adjk : L2
(
Sd−1
)→ L2(Fdj1).
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jk is a closed invariant subspace of L
2(Sd−1).
It is a consequence of Schur’s lemma that the latter is a direct sum of irreducible invariant subspaces
of L2(Sd−1), see, for example, [17, p. 39]. These are the spaces, Hdn , of spherical harmonics. Thus the
kernel, if nontrivial, will contain one of the spaces Hdn . The injectivity will, therefore, be proved if we
can show that, for each n = 0,1, . . . , the space Hdn is not annihilated by Adjk .
Theorem 2.1. For each n = 0,1, . . . and 2 j,k  d − 1, and for any (M, v) ∈ Fdj1 , there is an f ∈Hdn such
that (Adjk f )(M, v) = 0.
Proof. Let (M, v) ∈ Fdj1 be given.
For n = 0 the result is clear since, then, f is a constant. Similarly, for n = 1, we can put f = 〈v, ·〉.
Then, we have
(
Adjk f
)
(M, v) =
∫
G(M,v,k)
∫
Sk−1(L)∩v+
〈v,u〉du dL = κk−1.
So, we will assume that n 2.
Since j  2, we may choose u0 ∈ S j−1(M) ∩ v⊥ . If n is of the form n = 4m − 1, we put q = 2,
otherwise q = 0. For u ∈ Sd−1, we let
f (u) = Edn,q(t)Pd−1q
(〈u0, u¯〉),
where u¯ ∈ Sd−2(v⊥) and t ∈ [−1,1] with u = tv + u¯√1− t2, Pd−1q is the Legendre polynomial of
degree q in dimension d − 1 and Edn,q is the associated Legendre function given by
Edn,q(t) =
(
1− t2)q/2Pd+2qn−q (t).
It is well known that, for u0 ∈ Sd−2(v⊥), Pd−1q (〈u0, ·〉) ∈ Hd−1q and that f , deﬁned as above, is a
member of Hdn; see [9, Theorem 3.3.14 and Lemma 3.5.3], for example.
We ﬁrst consider the case j  k. Then we have, using cylindrical coordinates, see [12, p. 1],
(
Adjk f
)
(M, v) =
∫
G(M,k)
1∫
0
Edn,q(t)
(
1− t2)(k−3)/2 ∫
Sk−1(L)∩v⊥
Pd−1q
(〈u0,u〉)du dt dL
= c
( 1∫
0
(
1− t2)(q+k−3)/2Pd+2qn−q (t)dt
)( 1∫
−1
Pd−1q (x)
(
1− x2)(k−4)/2 dx
)
= 2csd+2q,q+k,n−qsd−1,k−1,q
with some constant c > 0. Here, we have used the notation from [6]. It was shown there that, for
j < d, we have sd, j,2n > 0 and sd, j,4n+1 > 0, for all n = 0,1, . . . , see [6, p. 81]. Thus (Adjk f )(M, v) > 0,
as required.
116 P. Goodey, W. Weil / Advances in Applied Mathematics 44 (2010) 111–123Now assume j > k. From (2.3), and again using cylindrical coordinates, we similarly obtain
(
Adjk f
)
(M, v) = (k − 1)κk−1
( j − 1)κ j−1
∫
S j−1(M)∩v+
f (x)
(
1− 〈x, v〉2)(k− j)/2 dx
= c1
( 1∫
0
Edn,q(t)
(
1− t2)( j−3)/2 dt
)( ∫
S j−1(M)∩v⊥
Pd−1q
(〈u0,u〉)du
)
= c2
( 1∫
0
(
1− t2)(q+ j−3)/2Pd+2qn−q (t)dt
)( 1∫
−1
Pd−1q (x)
(
1− x2)( j−4)/2 dx
)
= 2c2sd+2q,q+ j,n−qsd−1, j−1,q
with constants ci > 0. Thus, we conclude (Adjk f )(M, v) > 0, as above. 
Corollary 2.2. For 2  k, j  d − 1, a star body K ⊂ Rd is uniquely determined by the generalized mean
section function s¯ j,k(K ; ·).
3. Averages of projection functions
In [7,8], we studied directed projection functions vij(K ; ·) and pij(K ; ·) of convex bodies K deﬁned
as directed versions of the ith intrinsic volumes Vi(K |L) of the projection onto j-spaces L. For the
deﬁnitions of intrinsic volumes and other background information on convex bodies, we refer the
reader to Schneider [14]. We obtained uniqueness results for the functions on the ﬂag manifold Fdj1,
but, for i > 1, we were unable to make progress with the averaged versions because of their non-
linear dependence on K . Therefore, we concentrated on the case i = 1 (the directed mean width of the
projection). Since p1 j(K ; ·) is, up to a constant, the integral of the support function hK of K (over the
corresponding half-spheres),
hK (u) = max
{〈u, x〉: x ∈ K}, u ∈ Sd−1,
it leads to the same operator as the directed section function. Therefore, we will not discuss this
further, rather we will concentrate on v1 j(K ; ·).
We recall from [7] that, for a unit vector v ∈ L ∈ G(d, j),
v1 j(K ; L, v) = 1
κ j−1
(
S ′1
(
K |L; v+)− 1
2
S ′1
(
K |L; v⊥));
here, S ′1(K |L; ·) denotes the ﬁrst surface area measure of K |L calculated in the ambient space L (see
[14] for the deﬁnition). As in the section case, we consider, for a convex body K ⊂Rd and 1 j,k
d − 1, the function
w¯ jk(K ;M, v) =
∫
G(M,v,k)
v1k(K ; L, v)dL
for M ∈ G(d, j) and v ∈ S j−1(M). We remark that w¯ jk(K ;M, ·) need not be a continuous function.
This is in contrast to a remark in [7], where continuity for v¯1k(K ; ·) was claimed but not proved (and
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surface area measures of projections. In fact, the equation
v1k(K ; L, v) = S ′1
(
K |L; v+) (3.1)
only holds for almost all v ∈ Sk−1(L). To be more precise, the result of Ewald, Larman and Rogers [2]
shows that, for almost all v ∈ Sd−1 (with respect to spherical Lebesgue measure), the shadow bound-
ary of K in direction v is sharp. For such a v , it follows that S ′1(K ; v⊥) = 0, as explained in [7, p. 45].
This implies that, for almost all v , Eq. (3.1) holds, for all L ∈ G([v],k), and is continuous in v . The
average w¯ jk(K ;M, ·) is then also continuous almost everywhere. If K is a polytope, for example,
w¯ jk(K ;M, ·) is not continuous at the facet normals of K . However, w¯ jk(K ;M, ·) is continuous for
strictly convex K .
For suﬃciently smooth K , the ﬁrst surface area measure can be represented in terms of hK using
the so-called block operator, , deﬁned by
 f = f + 1
d − 1 f , f ∈ C
2(Sd−1),
here  denotes the spherical Laplacian. Then, we have S1(K , ·) =hK , see [14], and therefore
S ′1
(
K |L, v+)= ∫
Sk−1(L)∩v+
(LhK )(u)du
(where LhK is the block operator in L applied to the restriction of hK to L). The integral operator
Mdjk corresponding to w¯ jk(K ;M, ·) is then given by
(
Mdjk g
)
(M, v) =
∫
G(M,v,k)
∫
Sk−1(L)∩v+
(L g)(u)du dL
for any g ∈ C∞(Sd−1).
In the following, our objective is to show that Mdjk is injective for all 2  j,k  d − 1. Injectivity
here is understood to be up to translations since, from a geometric point of view, the information
we are using, namely sizes of projections, is clearly translation invariant. From an analytic perspective
this means that we have to show that the kernel of Mdjk comprises the linear functions. It is clear
that it includes linear functions since they comprise the kernel of .
As in our study of Adjk , we ﬁrst want to show that the kernel of M
d
jk is a closed subspace of
L2(Sd−1). To this end, we next extend Mdjk to L
2-functions. Since the block operator L is involved,
we cannot expect that the image Mdjk f of a function f ∈ L2(Sd−1) will be an L2-function on Fdj1. We
therefore choose, as the image space for Mdjk , the space D
′(Fdj1) of distributions on F
d
j1, supplied with
the weak* topology, and show that
Mdjk :
(
C∞
(
Sd−1
)
,‖ · ‖2
)→ D ′(Fdj1)
is continuous, if C∞(Sd−1) is supplied with the L2-norm ‖ · ‖2, see Treves [16] for background infor-
mation on spaces of distributions.
We ﬁrst consider the case 2  j  k and choose a function g ∈ C∞(Fdj1). Since G(M, v,k) =
G(M,k), Fubini’s theorem, (2.4) and (2.5) yield
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G(d, j)
∫
S j−1(M)
(
Mdjk f
)
(M, v)g(M, v)dv dM
=
∫
G(d, j)
∫
S j−1(M)
∫
G(M,v,k)
∫
Sk−1(L)∩v+
(L f )(u)g(M, v)du dL dv dM
=
∫
G(d, j)
∫
G(M,k)
∫
S j−1(M)
∫
Sk−1(L)
(L f )(u)1v+(u)g(M, v)du dv dL dM
=
∫
G(d, j)
∫
G(M,k)
∫
Sk−1(L)
∫
S j−1(M)
(L f )(u)1u+(v)g(M, v)dv du dL dM
=
∫
G(d,k)
∫
Sk−1(L)
∫
G(L, j)
∫
S j−1(M)
(L f )(u)1u+(v)g(M, v)dv dM du dL
=
∫
G(d,k)
∫
Sk−1(L)
(L f )(u)
∫
Sk−1(L)
1u+(v)
∫
G(L,v, j)
g(M, v)dM dv du dL
=
∫
G(d,k)
∫
Sk−1(L)
(L f )(u)(CL gL)(u)du dL,
where
gL(v) =
∫
G(L,v, j)
g(M, v)dM, v ∈ Sk−1(L)
and CL denotes the hemispherical transform in L,
(CLh)(u) =
∫
S j−1(L)∩u+
h(v)dv, u ∈ Sk−1(L),
see [9]. Using Green’s formula, we deduce that
∣∣∣∣
∫
G(d,k)
∫
Sk−1(L)
(L f )(u)(CL gL)(u)du dL
∣∣∣∣
2
=
∣∣∣∣
∫
G(d,k)
∫
Sk−1(L)
f (u)(LCL gL)(u)du dL
∣∣∣∣
2

∫
G(d,k)
∣∣∣∣
∫
Sk−1(L)
f (u)(LCL gL)(u)du
∣∣∣∣
2
dL

∫
G(d,k)
( ∫
Sk−1(L)
f 2(u)du
)( ∫
Sk−1(L)
(LCL gL)2(u)du
)
dL.
The operators L and CL commute, and so we have
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Sk−1(L)
(LCL gL)2(u)du =
∫
Sk−1(L)
(CLL gL)2(u)du
and this integral has a uniform (with respect to L) upper bound c1‖g‖2C2 in terms of the usual norm
on C2(Fdj1). Hence,
∣∣∣∣
∫
G(d, j)
∫
S j−1(M)
(
Mdjk f
)
(M, v)g(M, v)dv dM
∣∣∣∣
2
 c1‖g‖2C2
∫
G(d,k)
∫
Sk−1(L)
f 2(u)du dL
= c2‖g‖2C2
∫
Sd−1
f 2(u)du = c2‖g‖2C2‖ f ‖22. (3.2)
The case j > k can be treated in a similar way. We obtain
∣∣∣∣
∫
G(d, j)
∫
S j−1(M)
(
Mdjk f
)
(M, v)g(M, v)dv dM
∣∣∣∣
2

∫
G(d,k)
( ∫
Sk−1(L)
f 2(u)du
)( ∫
Sk−1(L)
(LCL gL)2(u)du
)
dL,
where now
gL(v) =
∫
G(L, j)
g(M, v)dM, v ∈ Sk−1(L).
Hence,
∣∣∣∣
∫
G(d, j)
∫
S j−1(M)
(
Mdjk f
)
(M, v)g(M, v)dv dM
∣∣∣∣
2
 c3 ‖g‖2C2‖ f ‖22 (3.3)
with a suitable constant c3 > 0.
The inequalities (3.2) and (3.3) ﬁrst imply that Mdjk f is a continuous linear functional on C
∞(Fdj1)
and then that Mdjk : (C∞(Sd−1),‖·‖2) → D ′(Fdj1) is continuous. It therefore has a continuous extension
to L2(Sd−1).
Obviously, Mdjk intertwines the action of SO(d), so it follows, as in the section case, that the kernel
of the extended map Mdjk is a closed invariant subspace of L
2(Sd−1). Therefore, the injectivity of Mdjk
(up to linear functions) will be proved if we can show that, for each n = 0,1,2, . . . , n = 1, the space
Hdn is not annihilated by Mdjk .
Theorem 3.1. For each n = 0,1,2, . . . , with n = 1 and 2 j,k d− 1, and for any (M, v) ∈ Fdj1 , there is an
f ∈Hdn such that (Mdjk f )(M, v) = 0.
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∫
Sk−1(L)∩v+
(L f )(u)du = 1
2
∫
Sk−1(L)
(
L Pdn
(〈v, ·〉))(u)du.
It is well known that, for f ∈Hkn , we have
L f = − (n − 1)(k + n − 1)
k − 1 f (3.4)
(see [9]). As in [6], we will use the connection coeﬃcients to express Pdn in terms of P
k
m , for m =
0,2, . . . ,n. These are positive numbers cd,kn,m satisfying
Pdn(x) =
n/2∑
m=0
cd,kn,mP
k
n−2m(x).
Now, for v ∈ L,
L Pkm
(〈v, ·〉)= − (m − 1)(k +m − 1)
k − 1 P
k
m
(〈v, ·〉).
Thus
∫
Sk−1(L)
(
L Pdn
(〈v, ·〉))(u)du = − n/2∑
m=0
cd,kn,m
(n − 2m − 1)(k + n − 2m − 1)
k − 1
∫
Sk−1(L)
Pkn−2m
(〈v,u〉)du
= kκkcd,kn,n/2,
and so the result is true for all even n.
We next consider the case n = 3. Here, the connection coeﬃcients are easily evaluated to give
Pd3(x) =
(d + 2)(k − 1)
(d − 1)(k + 2) P
k
3(x) +
3(d + 2)
(d − 1)(k + 2) x. (3.5)
Thus, for f = Pd3(〈v, ·〉) ∈Hd3, with v ∈ L, we have, using (3.4),
(L f )(u) = −2d + 2
d − 1 P
k
3
(〈v, ·〉).
It then follows from [9, Lemma 3.4.6] that, for L ∈ G(M, v,k),
(
Mdjk f
)
(M, v) = −2d + 2
d − 1
∫
Sk−1(L)∩v+
Pk3
(〈v,u〉)du
= 2(d + 2) κk−1 = 0. (3.6)
(k + 1)(d − 1)
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cases j < k and j  k will be handled separately.
For j  k and (M, v) ∈ Fdj1, we choose u0 ∈ Sd−1 so that M ⊂ u⊥0 . Then we put
f (u) = Edn,3(t)Pd−13
(〈v,u〉), u ∈ Sd−1,
where u¯ ∈ u⊥0 ∩ Sd−1 and t ∈ [−1,1] with u = tu0 + u¯
√
1− t2. Then f ∈Hdn . For a unit vector u ∈ L ∈
G(M, v,k), we use (3.5) to see that
f (u) = Pd+6n−3(0)Pd−13
(〈v,u〉)
= Pd+6n−3(0)
(
(d + 1)(k − 1)
(d − 2)(k + 2) P
k
3
(〈v,u〉)+ 3(d + 1)
(d − 2)(k + 2) 〈v,u〉
)
.
An application of (3.4) now gives
L f (u) = −2(d + 1)
(d − 2) P
d+6
n−3(0)P
k
3
(〈v,u〉).
Applying (3.6) and [9, Lemma 3.3.8], we obtain
(
Mdjk f
)
(M, v) = −2(d + 1)
(d − 2) P
d+6
n−3(0)
∫
Sk−1(L)∩v+
Pk3
(〈v,u〉)du
= 2(d + 1)
(k + 1)(d − 2) P
d+6
n−3(0)κk−1
= 1 · 3 · · · (n − 4)
(d + 5)(d + 7) · · · (d + n)
(−1)(n−3)/22(d + 1)
(k + 1)(d − 2) κk−1 = 0,
as required.
The case j < k is similar, but slightly more technical. Here, we let (M, v) ∈ Fdj1 and note that, since
j  2, we can choose u0 ∈ S j−1(M) ∩ v⊥ . If n = d − k + 1 we put q = n − 1, otherwise q = n − 3. We
note that, in both cases, q is even and k + q − 3 > 0. For u ∈ Sd−1, we put
f (u) = Edn,q(t)Pd−1q
(〈u0, u¯〉),
where u¯ ∈ v⊥ ∩ Sd−1 and t ∈ [−1,1] with u = tv + u¯√1− t2. Again, for u0 ∈ Sd−2(v⊥), we have
Pd−1q (〈u0, ·〉) ∈Hd−1q and so f ∈Hdn .
Using [12, Eq. (54)], we have
(L f )(u) = Pd−1q
(〈u0, u¯〉)
((
1− t2) d2
dt2
− (k − 1)t d
dt
)
Edn,q(t)
+ 1
1− t2 E
d
n,q(t)
(
L∩v⊥ Pd−1q
(〈u0, ·〉))(u¯).
It follows from [12, Lemma 24] that
((
1− t2) d2
dt2
− (d − 1)t d
dt
)
Edn,q(t) =
(
q(q + d − 3)
1− t2 − n(n + d − 2)
)
Edn,q(t).
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(L f )(u) = Pd−1q
(〈u0, u¯〉)
(
(d − k)t d
dt
+ q(q + d − 3)
1− t2 − n(n + d − 2)
)
Edn,q(t)
+ 1
1− t2 E
d
n,q(t)
(
L∩v⊥ Pd−1q
(〈u0, ·〉))(u¯).
Before applying this to Mdkj f and using cylindrical coordinates, we note that∫
Sk−1(L)∩v⊥
(
L∩v⊥ Pd−1q
(〈u0, ·〉))(u¯)du¯ = 0,
and, since k + q − 3> 0,
1∫
0
(
1− t2)(k−3)/2t d
dt
Edn,q(t)dt =
1∫
0
(
(k − 3)(1− t2)(k−5)/2 − (k − 2)(1− t2)(k−3)/2)Edn,q(t)dt
= (k − 3)sd+2q,k+q−2,n−q − (k − 2)sd+2q,k+q,n−q.
It follows that
(
Mdjk f
)
(M, v) =
∫
G(M,k)
( ∫
Sk−1(L)∩v⊥
Pd−1q
(〈u0,u〉)du
) 1∫
0
(
1− t2)(k−3)/2
×
(
1+ d − k
k − 1 t
d
dt
+ q(q + d − 3)
(k − 1)(1− t2) −
n(n + d − 2)
k − 1
)
Edn,q(t)dt dL
= 2sd−1,k−1,q
((
1− n(n + d − 2)
k − 1
)
sd+2q,k+q,n−q + (d − k)k − 1
(
(k − 3)
× sd+2q,k+q−2,n−q − (k − 2)sd+2q,k+q,n−q
)+ q(q + d − 3)
k − 1 sd+2q,k+q−2,n−q
)
= 2sd−1,k−1,q
(
(d − k + q)(k + q − 3)
k − 1 sd+2q,k+q−2,n−q
− k − k
2 + (n − 1)2 + d(k + n − 2)
k − 1 sd+2q,k+q,n−q
)
.
It is shown in [6, Eq. (3.2)] that
sd, j,1 = 1j − 1 .
Therefore, for n = d − k + 1, we have
(
Mdjk f
)
(M, v) = −2 n − 1
(k − 1)(k + n − 2) sd−1,k−1,q = 0.
To handle the case n = d − k + 1, we note that
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(d − 1)( j2 − 1) ,
see [6, Eq. (3.3)]. This implies
(
Mdjk f
)
(M, v) = 3d
2 + 3dk − 4k2 − 15d + 3k + 10
(d − 3)(d − 1)(3d − 2k − 5)(k − 1)
which is positive, since in the current case we have d  4 and 3  k  d − 1. This concludes the
proof. 
Corollary 3.2. For 2 k, j  d− 1, a convex body K ⊂Rd is uniquely determined (up to a translation) by the
generalized mean projection function w¯ j,k(K ·).
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